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The paper deals with a T-periodically perturbed autonomous system in R" of the form 

x = ip(x) + E(f){t,x,e) (PS) 

with e > small. The main goal of the paper is to provide conditions ensuring the existence of T-periodic 
solutions to (PS) belonging to a given open set W C C([0, T], R"). This problem is considered in the case 
when the boundary dW of W contains at most a finite number of nondegenerate T-periodic solutions of the 
autonomous system x = ip(x). The starting point of our approach is the following property due to Malkin: 
if for any T-periodic limit cycle xo of x = ip(x) belonging to dW the so-called bifurcation function f XQ (9), 
9 £ [0, T], associated to xo, see i ll. 1 It . satisfies the condition f XQ (0) ^ then the integral operator 

(Q s x)(t) =x(T)+ f iP{x{r))d,T + e [ 4>{t, x(t), e)dr, t £ [0,T], 
Jo Jo 

does not have fixed points on dW for all e > sufficiently small. By means of the Malkin's bifurcation 
function we then establish a formula to evaluate the Leray-Schauder topological degree of / — Q E on W. This 
formula permits to state existence results that generalize or improve several results of the existing literature. In 
particular, we extend a continuation principle due to Capietto, Mawhin and Zanolin where it is assumed that 
dW does not contain any T-periodic solutions of the unperturbed system. Moreover, we obtain generalizations 
or improvements of some existence results due to Malkin and Loud. 



1 Introduction 

The aim of this paper is to provide conditions ensuring the existence of T-periodic solutions to the T-periodically 
perturbed system of the form 

x = ijj(x) + e<j)(t,x,e) (1.1) 

belonging to a given set W C C([0, T], R n ). Here we assume that 

ip 6 C 1 (R n ,M n ) and : E x R n x [0, 1] -> M" satisfies Caratheodory type conditions, (1.2) 
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i.e. (/)(-, x, e) is (Lebesgue) measurable for each (x, e), <j>(t, •, •) is continuous for almost all (a.a.) t and, for each 
r > there exists b r G L 1 ([0,T],R + ) such that \<f>(t,x,e)\ < b r (t) for a.a. t G [0,T] and all |x| < r, e G [0,1]. 
Moreover, <fi is T-periodic in time and any solution x G C([0, T], R ra ) to (11.1b satisfying the boundary condition 

x(0)=x(T) (1.3) 

will be called a T-periodic solution to ( 11.11 ) . Any T-periodic function x G C ( [0 , T] , R™ ) is considered as extended 
from [0, T] to R by T-periodicity. Moreover, any constant function i£C( [0, T] , R") is identified with the vector 
x(0) of R". Let Q £ : C([0,T],R") -» C([0,T],R n ) be the integral operator given by 



(Q e x)(t) = x(T) + iP(x(T))dT + e <t>(T,x(r),e)dT, *G[0,T],e>0, 
Jo Jo 

whose fixed points are T-periodic solutions to ( II. j} . In the case when 

Q Q x ^ x for any x G cW (1.4) 

and 

4»(^^nr)^o, (1.5) 

where g£r»> (■0, W fl R") is the Brouwer topological degree of ip in n R™, the existence problem of T-periodic 
solutions to ( II. lb has been solved by Capietto, Mawhin and Zanolin in [3|. In fact, they proved ([3], Corollary 
1), that under conditions dl.4l ) and ( 11.5b the following formula holds 

d(I - Q , W) = (-l) n d M n y>, w n R"), (1.6) 

where d{I — Qo, W) is the Leray-Schauder topological degree of / — Qq in W. It follows from ( 11.61 that 

d(J-Q e> W) = (-i)"4»(^wnl") (1.7) 

for any e > sufficiently small. Therefore under conditions ( 11.41 ) and ( 11.51 ) system ( II . lb has a T-periodic solution 
in 14^ for any perturbation term (j> and any sufficiently small e > 0. Observe that the assumption ( 11.5b implies that 
the set W contains a constant solution of 

x = tp(x). (1.8) 

In [ 3 1 many relevant examples satisfying conditions ( 11.41 ) and ( 11.5b are provided. Moreover, the authors have 
focused several results due to I. Berstein and A. Halanay, J. Cronin, A. Lando, E. Muhamadiev and others, which 
have been generalized or improved. 

The main goal of this paper is to provide conditions on the perturbation term <p in such a way that, for e > 
sufficiently small, d(I — Q e , W) is defined and different from zero for a wider class of sets W. Indeed, through 
the paper we will not require ( 11.41 ). i.e. we will allow dW to contain fixed point of Qo- Under this more general 
condition, we will establish a formula for d(I — Q e , W) that guarantees, under suitable conditions on <j>, that 
d(I — Q e , W) ^ even in the case when djgn (ip, W n R") = 0. Precisely, we assume that 

the set &w = {x G dW : Qox = x} is finite, (1.9) 

and for any Xq G &w the linearized system 

y = ^'(x (t))y (1.10) 



has the characteristic multiplier 1 of multiplicity 1, i. e. any xo G &w is a nondegenerate limit cycle of ( 11.81 ). It is 
clear that, under assumption dl.9l ), the topological degree d(I — Qq, W) is not necessarily defined. The approach 
proposed in this paper to overcome this difficulty consists in introducing the Malkin's bifurcation function 

T 

f Xo (6) =sign(x o (0),z o (0)} / (z o (T),(b(T-e,x o (T),0))dT, (1.11) 
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where zq is a nontrivial T-periodic solution of the adjoint system 

z = -(^(x (t)))*z. (1.12) 
From [ O) (or fT2), Theorem p. 387) we have that if 

/*(0)^0 foranyze6w (1.13) 

then 

for every e > sufficiently small the topological degree d(I — Q e , W) is defined. (1-14) 
In this paper we prove in Theorem l2.4l that if ( 11.13b is satisfied then, for all e > sufficiently small, we have 

d(I-Q s ,W) = (-l) n d Rn (^,WnR n )- Yl (-lf ix) d R (f x ,(0,mm{Q w (x)})), (1.15) 

xe&w- 8w(i)^l 

where 

Q w {x) = {0 € (0, T) : Sg x E dW, Sg x € W for any e (0, 0„)} , for any x G &w, 
{S e x){t) = x(t + 6) and 

P{xq) is the sum of the multiplicities of the characteristic multipliers greater than 1 of (| 1 . 1 Of) . 
Therefore it follows that for any perturbation term <fr satisfying conditions ( 11.9b , (11.13b if 

(-lfdr^lfnt")- (-lf W 4(/x,(0,mm{e H? (i)}))^0 (1.16) 

then, for any e > sufficiently small, system (11. It has a T-periodic solution in W. Observe that if ( 11.5b is not 
satisfied, but there exist at least one x € &w sucn that <d\y{%) ^ then assumption ( 11.16b can be fulfilled by a 
suitable choice of the perturbation term <f>. In this sense assumption ( 11.16b is weaker than ( 11.51 ). 

The second term on the right hand side of ( 11.151 ) is similar to that of the Krasnosel'skii-Zabreyko's formula 
for computing the index of a degenerate fixed point of Qo by means of a reduction to a subspace (in our case one- 
dimensional), see (0, formula 24.13). However, the related Krasnosel'skii-Zabreyko result ([8|, Theorem 24.1) 
can be applied only in the case when the operator Qo has a particular form ensuring that Qo has only isolated 
fixed points. This is not our case since any T-periodic cycle of (11.8b is a non-isolated fixed point of Qo. 

Furthermore, observe that the case when &w is nonempty was already treated in the literature. For instance, 
if ip = then any solution of ( 11.8b is T-periodic, &w = dW and d(I — Q E , W) can be evaluated by means of 
the following formula due to Mawhin, see ( lfl4l and lfl5ll ) 

d(I - Q e ,W) = d m J <j>(T,-,0)dT,WnR n ^J . (1.17) 

Mawhin proved ( |1.17b in the case when e > is not necessarily small. The same formula can be also used when 
ip ^ 0, but any solution of ( 11.8b in W is T-periodic (see ll20ll . formulas 3.1-3.3). This assumption has been 
considerably weakened by the authors in [6| for a wide class of sets W. Specifically, in |6| it was assumed that 
there exists U C R ra such that W is the set of all continuous functions from [0, T] to U and any point of dU is 
the initial condition of a T-periodic solution to ( 11.8b . namely it was still assumed that &w is an infinite subset of 
dW . For e > sufficiently small formula ( 11.17b was expressed as follows, see also ([5 1, formula 46), 

d{I-Q s ,W) = d V n \ f U^t,-))' 1 cj>(T,x(T,-),0)dT,U I , (1.18) 
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where is the solution of ( 1 1 .8b satisfying x(0, £) = £. Hence, if dR^V 1 , W n R") = then d 1 . 1 5b can 

be considered as a further development of ( 11.17b for the special case when &w is finite. In fact, the following 
formula holds, (see (I2.331 l in the proof of next Theorem l2.1b . 

f X0 (9) =sign<± (0),z (0))/y" (V (2) (t,-)) \{T,x(r,-),0)dT,Zo(P)\ foraiiy0G [0,T\. 

The paper is organized as follows. Section 2 is devoted to the proof of formula ( 11.151 ) and its variants. In 
section 3 by different choices of the set W we obtain several new existence results for T-periodic solutions to 
(II . lb - In particular, we generalize or improve some existence results due to Loud and Malkin proved in [ 1 1 1 and 
[13] respectively. 



2 Main results 



Let x 1 (t, •) be the inverse of x(t, •), that is x(t, x 1 (t, £)) = £ for any i e K and any £ £ R" . For any set V of 
R", define the set W v of C([0, T], R") by 



ffi/ = {ie C([0,T],R") : x -1 (t,£(t)) £ V", for any i e [0,T]}. 



Clearly, WV is open in C([0, T], R") provided that V is open in R". In the sequel by Bg(A) we denote the 5- 
neighborhood of the set A with respect to the norm of the space containing A. The following result is crucial for 
the proof of our Theorem l2.4l but it has also an independent interest for some applications as shown in Section 3. 



Theorem 2.1 Let xq be a nondegenerate T-periodic limit cycle of system < \1.8i . Let < Q\ < 82 < Q\ + — , 
where p £ N and — is the least period of xq. Assume that f Xo (6i) 7^ and f XQ (82) 7^ 0. Then, for a given a > 0, 
there exist Sq > and a family of open sets {Vs}s^(o,S ] satisfying the properties 

1) x Q ((9 1 ,e 2 )) cVs c B 5 (x ((di,e 2 ))), 

2) dv s n xoWiM) = M62)} 

and such that for any S £ (0, So] and any e £ (0, 5 1+a ] the degree d(I — Q £ , Wy 6 ) is defined and it can be 
evaluated by the following formula 

d(I-Q e ,W Vs ) = -(-l)^d R (/ X0 ,(^,^)). 

Now we introduce some preliminary notions and results necessary for the proof of the theorem. Let xq be a 
nondegenerate limit cycle of (11.8b , then there exists, see e.g. (101, Lemma 1 Chap. IV, §20), a fundamental matrix 
Y(t) of system (II. 10b having the form 



Y(t) = $(t) 



0lxn-l 



0n-lxl 
1 



(2.1) 



where $ is a T-periodic Floquet matrix and A is a constant (n — 1) x (n — l)-matrix with eigenvalues different 
from 0. In ( 12.1b it is denoted by 0i X j the i X j zero matrix, in the sequel we will omit these subindexes when 
confusion will not arise. For any 6 > define the set Cs C R™ as follows 



Cs 



|P n _iC|| < 6, C G 



where 



Pn-l( 



( C - ) 

^n— 1 

V / 
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( k is the fc-th component of the vector £ and 6\, 82 are as in Theorem 12. II Let T : B/\(Cs) — > T(Ba(Cs)), 
A > 0, be as follows 

Y(( n + 0) 
= 1 VII + ^ + ^ 

\\ Y \\Mt 

where 

v= o_ 1 + e 1 md || V || max || VW ||_ 

2 0e[o,r] 
We have the following preliminary properties. 

Lemma 2.2 (Y(0)P„_iC, z (9)) = for any 9 G [0, T] and any C 6 Moreover; jf (f, z Q (0)) = for any 
6 G [0, T], r«en frtere exists (el" smc/z 2te (Y((9)P„-iC, z Q (6)) = Ofor any 9 G [0, T}. 

Proof. Let C e K" and define 

= / (/-e AT ) _1 



By Perron's lemma |[T8l we have 

(Y{0-T)P n . Zz q (0) \ ' /' 1 ,.;„(7-i)} for any 0.T]. 

Therefore 



= ((Y(e)-Y(e + T))P n _ 1 lz (8)) 

1 ) P n-lC,*o(0) 



*W ( ^ ) Pn-xCzoiO)^ = 0r(6)P n -iC,zo(6)) for any G [0,T]. 
To prove the second assertion define 

L« = U G K" : <£, 2o(^)) = 0} , L c = |J F(0)P„_xC. 

L{ and are linear subspaces of K" and dimLj = n — 1. Since, for any 6 G [0, T], Y(0)P„_i is a linear 
nonsingular map acting from P n _]R n to Y(0)P„_]R n , then dimL^ = dimP n _iR™ = n — 1. But by the first 
assertion of the lemma D and thus we can conclude that = L^. 

□ 

Lemma 2.3 For any A G (0, Aq] and any 6 G (0, Sq] we have that T is a homeomorphism of Ba(Cs) onto 
T(Ba{Cs)) provided that Ao > and 8q > are sufficiently small. Moreover, the set F(Bj\(Cg)) is open in R" 
and r^ 1 is continuously differentiable in T(Ba(Cs)). 

Proof. Obviously T is continuous. Let us show that T : Ba(Cs) — > T(Ba(C$)) is injective for A > 
and 5 > sufficiently small. For this assume the contrary, thus there exist {at~}keN, {&fc}fegN C M n , a*; ^ fefe, 
a fc — > a , 6fc — > &o as — > 00, 

P„_ia - Pn-160 = 0, (2.2) 

such that 

^^P n ^a k + x a (a n k ) = ZjPkL Pn _ lbk + XQ ( b n). (2.3) 
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Without loss of generality we may assume that either a k = b k for any k G N or a£ ^ b k for any k e N. Assume 
that a£ = for any k G N, thus 

y(a£)(P„_ia fe - P„_i& fc ) - for any fceN, 

and so 

P„_ia fe = P n -ib k for any fceN, 

contradicting the property that a k b k for any k G N. Consider now the case when a J? ^ for any fc G N, from 
( 12.31 ) we have xo(oq) = a;o(&o)- Moreover, since < 6\ < 82 < 81 + — , by our choice of #1 and 02, for A > 
and 5 > sufficiently small we have that |<Zq — &q | < ^, where ^ is the least period of xq, thus aft = 6q =: 6>o- 
By using Lemma F2~2l from d2.31 > we have 

(xoK)-X (bZ),Z (a n k )) = /Z&p n _ 1&j?)Zo(a n)\ = /^|h^Slp n _ l6 ™, Zo(a n) 

\iii|iM r / \ \\y\\M T 

or equivalently, by dividing by aJJ — 6? 

^(og)-^^) \ _ 1 / r(ag)-y^) 

a k~ b k I \\ Y \\Mt \ a k~ b k 

By passing to the limit as k — > 00 in the previous equality and by taking into account that P n -i b' k l — > as fc — > 00 
we obtain 

(i o (0o),*b(0o)) =0 

which is a contradiction, see e.g. ([12], formula 12.9 Chap. III). Therefore, there exist Ao > and Sq > such 
that T : B A (Cs) — > T(B A (Cs)) is injective for A G (0, A ] and S £ (0, S ]- Let us show that A > and 
So > can be chosen also in such a way that 

T(B A (C s j) is open in M" for any A G (0, A ] and any S G (0, 5 ]. (2.4) 

Observe that for any £ G K™ satisfying P n -i( — we have 

and so for any ( G R" such that P„_iC = the derivative r'(£) is invertible. Therefore, without loss of 
generality, we may consider Ao > and Sq > sufficiently small to have that r'(£) is invertible for any 
C G Ba(Cs) with A 6 (0, Ao] and 5 G (0, So]. By the inverse map theorem, see e.g. ([19], Theorem 9.17) we 
have that T is locally invertible in B A (Cg) with A G (0, Ao] and <5 G (0, 5o], which implies that it maps any 
sufficiently small neighborhood of £ in W 1 into an open set of K", which in turn implies (12.41 i. Moreover, from 
the inverse map theorem we have also that is continuously differentiable in T{B A {C$)). □ 



We can now prove Theorem l2.ll 

Proof. First of all observe that if a; is a solution of the equation then u(t) = x x (t, x(t)) is a 

solution of the equation u = G £ u, see e.g. (@, formulas (13)-( 19)), where G e : C([0,T],M n ) -> C([0,T],M") 
is defined as follows 

(G e u)(t) = x(T, u(T)) + e j (x[ 2) (r, u(r))) ~* 0(r, x(r, u(r)), e)dr. 

Moreover, since for any open set V C K." the homeomorphism (Mi)(t) = a;(i)) maps every neighbor- 

hood of Wv onto a neighborhood of the set 

W v = {11 G C([0, T], R n ) : u(t) G V, for any t G [0, T]} , 
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then by ([8 1, Theorem 26.4) we have that 

d(I - Q £ , W T(Cs) ) = d(I - G e ,W n c s) ) 

provided that d(I — G £ , Wr(c s )) i s defined. To show that d(I — G £ , Wt{c 6 )) is defined and to evaluate it, we 
introduce the vector field A £ : T(Ba{Cs)) — > E n as follows 

MO - *fo (t - ef([r-\o] n ) ([^(e)] 71 + *)) (e - x {[r-\o] n + *)) + 
+ xo([r-\0] n + o-sf([T-\o] n )), 

where T, A, 6 > are given by Lemma 1231 and / : R — > K is defined as 

f |t|, if/« («i)<Oand/ Xo (da)<0, 

/(*) = < -1*1. if/* o (0i)>Oand/ Xo (0 2 )>O, (2.5) 

{ -d R (f Xo , (61,62)) ■ t, otherwise. 

We now prove that there exists So > such that for any 5 E (0, 60] and any e € (0, <5 1+a ] both the topological 
degrees <i(7 — G e , Wr(Cj)) aR d <4r™ — A £ , T(Cg)) are defined and 

d(I-G e ,W ri c e) ) = d U n(I-A £ ,T(C s )). (2.6) 

To do this we introduce an auxiliary vector field A e : C([0,T],R n ) -> C([0,T],R") by letting (Xw)(<) = 
A E (w(T)) for any t e [0,T] and any u e C([0,T],R"). Since Wr(c 5 ) H R" = r(C 5 ), by the reduction 
theorem for the topological degree, see e.g. ([8|, Theorem 27.1), dmv-(I ~ A e ,T(C$)) is defined provided that 
d(I — A £ , Wr(c s )) 1S defined, moreover d^n (I — A e , T(Cg)) = d(I — A £ , Wr(c s ))- Hence, we now show that 
there exists Sq > such that for any S € (0, Sq] and any e € (0, S 1+a ] both the Leray-Schauder topological 
degrees d(I — G £ , Wr<c s )) an d ^(-^ — -^e; ^r(Cs)) are defined and 

d(I - G £ ,W T(Cs) ) = d(I - A s ,W rm ). (2.7) 
To prove (E3 let F £ : C([0, T],R") — » C([0, T], R" ) be the operator given by 

(F s u)(t) = j (z' (2) (t,u(t))) V(T,a;(T, W (T)),e)dr for any t e [0, T], 

and introduce the linear deformation 

D e (A,u)(f) - \(u(t) - x(T, u(T)) - e(F e u){t)) + (1 - A) (u(t) - (£u) («)) , 

where Ae [0,1], b6 SWWcm, <5 € (0, #o). Equivalently, 

D B (A, u)(t) =\(u(t) - x(T, u(T))) + (1 - A)u(t) 

- (1 - A)z' (2) (T - E / ([r-^uCT))]**) .^oKT))) («(T) - V X0 (u(T))) 

- \e(F £ u)(t) - (1 - A)x ([r~ 1 (u(T))] n +5- ef ([r 1 ^)]")) , 

where A € [0, 1], u € cWt^c), ^ e (°> and 

Px (0 = *o([r- 1 (or+3)- 
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We show that for all sufficiently small 6 G (0, So] and e G (0, S 1+a ] we have that D £ (X, u) ^ for any A G [0, 1] 
and any u G dW^iCs)- Assume the contrary, thus there exist {<5fc}fegN C M+, 5 k — * as k — »• oo, {£fc}feeN, 
£ fe G (0,Sl +a ), {u k } keN , u k G dW T (c Sk ), {A fc } feeN C [0,1] such that 

= A fc (u k (t) - x(T, u fc (T))) + (1 - A fc )u fc (t) 

- (1 - \ k )x[ 2) (T - e k f {[T- 1 (u k (T))] n ) ,V Xo {u k {T)j) (u k (T) - V Xa {u k {T))) (2.8) 

- X k e k (F £k u k )(t) - (1 - X k )x Q ( [T' 1 (u k (T))] n + 6 - s k f {[T- 1 (u k (T))] ")) . 

From ( 12.8b we have 

Wfc(i) =X k x(T,u k (T)) 

+ (1 - A fe y (2) (T - e k f ([r- 1 ( Ufc (T))] n ) ,P B0 («*(T))) K(T) - 7>x (u*(T))) 
+ A fe£fe (F efc u fc )(t) + (1 - A fe ).T ([r- 1 (u fc (T))] n + - Efc / ([r- 1 (u fc (T))] n )) 

and therefore 

= AfeEfe (V (2) (£,Ufc(i))) (f>{t,x(t,u k {t)),E k ). (2.9) 
It follows from (12. 9b that without loss of generality we may assume that there exists £o G R" such that 

u k (t) — * Co as k — > oo 

uniformly with respect to t G [0, T]. Since u k (0) eT(C Sk ) G B Sk (x ([6i,9 2 ])) then Co G x ([6>i, 6» 2 ]). Now, to 
get a contradiction, take t = T and rewrite ( 12.8b as follows 

= A fc (u fe (T) - x{T,u k {T))) + (1 - X k )u k (T) 

-{l-X k )x' (2) (T-s k f([r- 1 (u k (T))] n ) ,V X0 (u k (T))) (u k (T)-V X0 (u k (T))) 

- \ k e k {F £k u k )(T) - (1 - A fe )xo ([r-^UfcCT))]" + 6 -s k f {jT~ l {u k {T))f)) 

= \ k (u k (T) - x(T,u k (T))) + (1 - A fe ) (/ - x[ 2) (t - e fc / ([r-^UfcCT))]") ,^ K(T)))) 
• (ufc(T) - ^ K(T))) - \ k e k {F ek u k ){T) + (1 - A fe )7> a{ >fc(T)) 

- (1 - A fe )xo ([T-\u k {T))] n + e-s k f ([r-HufcCT))]")) = A fc ( Ufc (T) - i(T,u fc (T))) 
+ (1 - A fe ) (/ - x' (2) (T - e fc / ([r- 1 (« fc (T))] n ) ,V X0 (u k (T)))) (u k (T) - V Xo {u k {T))) 

- \ k e k {F ek u k ){T) + e k (l - X k )x (jT' 1 (u k (T))] n + fj f (jT' 1 (u k (T))] n ) + o(e k ). 

(2.10) 

Now, observing that 

x(t, o - c = i(r, - v xo (0 + r xa (0 - c 

= z(t, (0 + (c - (0)) - (0 + r XQ (0 - c 

= x' (2) (r,^ (c))(C - Px (0) - (£- ^o(O) + o(C - v xo (0) 

= (x' (2) (t,v xo (o) -i) (e- Px (0) + °(e - p*o(0), 
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from ( 12.101 ) we obtain 

X k (/ - x{ 2) (T,V X0 (u k (T)))) (u k (T) ~ V X0 (u k (T))) - A, o(u k (T) - V Xo (u k (T))) 

+ (1 - A fe ) (i - x{ 2) (T - e k f ([r- 1 ( Ufc (T))] n ) ,V X0 (u k {T)))) K(T) - V XQ {u k {T))) (2.11) 

-X k e k (F eh u k )(T)+e k (l-X k )x {[T' 1 {u k (T))] n + fj f ([^(^(T))]") + o(e fe ) = 0. 

— — x ° > converge, let A = Unife^ X k 

\\u k {T)-V Xo (u k (T))\\} km 

and l = lirrifc^oo k — x " * Since u k £ dW T i Cs \ then there exists t k 6 [0, T] such that 

\\u k {T) - V Xa {u k {T))\\ 

u k (t k ) £ 9r(C , 5 (c ). Let £fc = r _1 (ufc(tfc)), without loss of generality we may assume that either 

Q + 6 £ (61,62) for any k eN (2.12) 

or 

+ ~9~£ {6 1 }U{6 2 } foranyfceN. (2.13) 

Let us show that (12.12b cannot occur. By Lemma l2~3l T is a homeomorphism of B&(Cs k ) onto T(B&(Cs k )) for 
sufficiently small A > and u k (t k ) £ dT(Cs k ) then we have 

Ck=r- 1 (u k (t k ))GdC 5h . (2.14) 

Hence ( 12.121 ) and ( 12.141 ) imply 

\\Pn-i(k\\ = S k foranyfceN. (2.15) 

Since 

\\Pn-i(k\\ = \\Y- 1 (e)Y(9)P n ^C k \\ < \\Y-\6)\\\\Y(9)P n ^C k \\ 
then there exists c > such that 

||Y(0)P„_iCfc|| > c\\P n -iC k \\ = c5 k 
for any 9 £ [0, T], and so we have 

\\u k (t k )-V X0 (u k (t k ))\\ = ||r(Cfc)-*o(Gfc+3)ll - \\Y (Q + 9) P n ^C k \\ >cS k (2.16) 
for any k £ N. On the other hand from ( 12.91 ) we have that there exists c\ > such that 

IMT) - || < c l£fc for any fceN. (2.17) 

Finally, from Lemma |231 we have that xq ([r _1 (-)]™ + 6) is continuously differentiable and so by taking into 
account ( 12.171 ) there exists c 2 > such that 

\\P X0 (u k (T))-P X0 (u k (t k ))\\ 

= |i ([r- 1 (uj k (T))] n +^)-a;o([r- 1 (u fc (t fc ))] n + S)| (2-18) 
< c 2 ||ufc(T) - ujfe(tfe)[| < cic 2 £fe for any fc £ N. 

We are now in a position to estimate ||iifc(T) — "P^twj^T))!! from below. We have 

|K(T)-7> So K(T))|| 

= ||«fc(tfc) - V X0 {u k {t k )) + u k (T) - u k {t k ) - (V X0 (u k (T)) - V X0 {u k {t k )))\\ (2.19) 
> |||«k(tfc) - V Xo (u k (t k ))\\ - \\u k (T) - u k (t k ) - (T x „(u k (T)) - V xa {u k {t k )))\\\ . 
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Since s k € (0, 5 k +a ) there exists ko € N such that c\£ k + c\c 2 e k < cS k for all k > ko. Therefore, from ( 12.171 ) 
and ( I2.18l l we have 

H(T) - u k (t k ) - (V X0 (u k (T)) - P X0 (u k (t k )))\\ < Cl s k + c lC2 e k < c5 kl (2.20) 
for any k > ko. By using ( I2.16l l and ( 12.201 ) we may rewrite J2.19t as follows 

\\u k (T)-V Xo (u k (T))\\ 

> \\u k (t k ) - V X0 (u k (t k ))\\ (2.21) 
- \\u k (T) - u k (t k ) - (V X0 (u k (T)) - V Xo {u k (t k ) 



and so 

\\u k {T) - V XQ {u k (T))\\ > c6 k - ci£ k - cic 2 £ k for any k > k . 
By using this inequality we obtain for any k > ko 

£k £k 



\\uk(T) - V X0 (u k (T))\\ cd k - c x e k - c x c 2 e k 
< 



(2.22) 



cS k - Cl Sl +a - c lC2 6l +a c - aSt - c lC2 5t ' 
Using ( 12.22b and passing to the limit as k — > oo in ( 12.111 ) divided by ||«fc(T) — V Xo (u k (T))\\ we get 

(i - x[ 2) (T, x (Co + O))) lo = 0. (2.23) 
In order to prove that (12.231 ) leads to a contradiction we now show that 

((/-x' (2) (T,eo))/o^o([r- 1 (eo)]"+^)) =0. (2.24) 

Indeed 

u k (T) - V X0 (u k (T)) 





■v X0 {u k {T))\y 




i 


Ken 


-V Xo {u k {T))\\ 




1 



z ([r- 1 K(r))] n + ; 

(v{T-\u k {T)))-x ([T-\u k {T))] n +6) ,z (jT- 1 (u k (T))] n + tfj) 

\\u k (T) - v xa ( Uk{Tm ( Y ([?-\MT))r + e) p n ^( Uk (T)U ([r- K( T))]" + e)) , 



and so by Lemma l2T2l we can conclude that 

( " fc ^~^ O { Mfc ^ill ^o([r- 1 K(T))]"+^)\=0 foranyfcGN. (2.25) 
\\\u k {T) - P X0 (u k (T))\\ V L J/ 

By the definition of the vector Iq from ( 12.251 ), passing to the limit as k — > oo, we obtain 

(lo,z a (Co +0)) =0. (2.26) 

Since ||Z || = 1 and so Iq 0, from Lemma l2T2l we have that there exists U ^ such that 

l = Y (Q + 0)P n -ih and P n _ x Z, = (2.27) 

observing that, see e.g. (j9j, Theorem 2.1), 

x[ 2) (t,xo{r)) = Y(t + t)Y- 1 (t), foranyt,TGR (2.28) 
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we have 

(i - x', 3) (T,x (C; + »))) lo = (1 - Y (T + a+VfY- 1 (CJ +W)) l„ 
= (Y (Q +1)-Y[T + Q+~e)) P„_!l, 



*w+*)(f c;+5, <'- eAT > J 



contradicting ( 12.231 ). 

Let us now show that ( 12.131 ) also cannot occur. Firstly observe that if, passing to a subsequence if necessary, 

we have that - — - — ——, — ; — rrrr ~^ then we can proceed as before to obtain again ( 12.231 ) and so a 

\\Uk(T) -V Xo (u k {T))\\ 

contradiction. Therefore, consider the case when - — ; — ; — ; — — - — > L with I > or I = +oo. From 

A \\u k (T)-V Xo (u k (T))\\ 

(12. lit we have that 



s fe (x o )(r), Z o([r- 1 K(7 1 ))] ri + 0)) 



where 



||u fe (T)-^ K(T))|| 

;T fc (x )(T),z ([r- 1 K(T))] 



E k (xo)(T) := A fe (F E ,n fc )(T) - (1 - A fe )x ([r 1 K(T))] n + fl) / ([r-^T))]' 



(2.30) 



o(£fc) 



T fc (x )(T) :=A* (/-x' (2) (T,^ K.(T)))) 



u k (T)-V Xa (u k {T))) 
\\u k (T)-V X0 (u k (T))\\ 



, oM^oM , x v u fc (T)-^ (u fe (T)) 
- Afc 7l 7^F\ ^ — 7 TTTaTTT + i 1 — A fcJi 



|«*(T)-^ («*(r))ll 'INCr)-P«o(«*CO)ll 
■ (j-4o (^-^/([r^Kir))]") ,^„K(r)))) . 

By using ( 12.271 ). ( 12.291 ) and Lemma l2~2l we obtain 

( (/ - x[ 2) (T, x (Co" + 6))) lo, z a (Co" + 6) ) = (Y (Q +6)(l- c AT ) P n -ih,z a (C? + #)) 
- (7 (Co 1 + 0) Pn-x {I ~ e AT ) h,z Q (Co" + 5)) = 0. 

Therefore 

(T fc ( a; o)(T),zo([r- 1 K(r))]" + 0)) ->0 asfc^oo 
and from ( 12.301 1 we conclude that 

(s fc (x o )(T),0o([r- 1 K(T))] n + 0)) ^0 asfc^oo 

which imply 

(Ao-F (x (Co 1 + 0)) - (1 - A )i {Q + 0) f (Co") , (Co +3)) = 0, (2.31) 

where 



F(0 = J (x'(2)(t,0) l <P(r,x(T,0,0)d7 
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By Perron's lemma we have 

(±o (Co" + 0) f (Co 1 ) , zo (Co" + d)) = <±o(0), zo(0)> / (Co") 
and so (I2.31l l can be rewritten as 

An sign (± (0), z (0)} (P (x (Q + 3)) , z Q (Q + 9)) - (1 - A ) |(±d(0), z (Q))\ f (Co") - 0, (2.32) 
let us show that 

sign(x (0),Zo(0)}(F(xo(9)),z (e)) = f Xo (9) for any 9 e [0, T]. (2.33) 



Denote by Z(t) and Zo(t) the fundamental matrixes of the adjoint system ( 11.12b such that Z(Q) = I and Zo(t) = 
(Z n -i(t) zo(t)), where Z n -x(t) is a n x n — 1 matrix whose columns are (not T-periodic) linearly independent 
solutions of (1 1 . 12b . Since 

(x' (2) (r, x (d))) 1 = Y{6)Y-\t + 9) = (Z-\9))* Z*(r + 9) = {Z^{9))* Z*(r + 9), 
see e.g. (@, Chap. Ill §12), and z (9) = (Z n ^(9) z a {9)) 





V 1 / 



then we have 



F (x (9)) ,z (9)) = / {Zv\9)) * J Z*(t + 9) 0(r, x (t + 9),0)dr, z (9) \ 
* o ' 



T+6> 



(T-e,X O (T),0)dT, 





V i / 



T+e 



(Zo(T), (t>(T-d,X (T),Q))dT = f Xo (d) 



and so (12.33b holds. By taking into account (12.33b we can finally rewrite (12.32b as follows 

A /* (Co" + 0) - (1 - Ao) |(i (0), z (0))| / (Co") = 0, 

where either Q + 6 = 9\ or Q + 9 = 9 2 ■ This can be rewritten as 

Ao/.o (0i) - (1 - Ao) |<A (0),*o(0)>| / ((-l)MCo I) = 0, (2.34) 

where either i = 1 or i = 2. If d«,(f Xo , {9\, 62)) = 0, then, see (|8j, §3.2) for the definition of Brouwer degree in 
R, for any i = 1, 2 and any a > we have 

f((-iya) = -asign(/ xo (0i)) = -asign(/ Xo (# 2 )) 

and so if d^(f Xo , (9%, 62)) = then (12.341) can be rewritten as 

Ao/, (^) + (1-Ao)|<io(0),z (0))| |Co"|sign(/ Xo (^)) = 0, (2.35) 

where either i = 1 or i = 2. If d^(f Xo , (#1 , 6*2)) 7^ 0, then for i = 1, 2 and any a > Owe have 

/((-l)*a) - (-l) <+1 ad R (/ xo ,(0i,0 2 )) - (-l) i+1 o(-l) i Bign(/«o(<?i)) = "« sign(/ ao (0;)) 
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and so (12.341 ) can be rewritten again as (12.351 >. But ( 12.351 contradicts either the assumption that f XQ (6*i) ^ (in 
the case when i = 1) or the assumption that f XQ (92) ^ (in the case when i = 2). 

Therefore, neither ( 12.13b nor ( |2.12| i can occur and so there exists <5 > such that for any 6 G (0, S ] and any 

e G (0, S 1+a ] we have that D £ (X, u) ^ for any A 6 [0, 1] and any u G dWr(Cs)- Thus for any S G (0,<5o] 

and e G (0,<5 1+Q ] both the Leray-Schauder degrees d(I — G e ,Wy(c s )) an d d(I — A E ,Wr(c s )) are defined 
and ( 12.7b holds. As already noticed ( 12.7b implies (I2.61 l. hence to finish the proof it remains only to show that 

d(I - A S ,T(C S )) = {-l) f3( - Xo U K (f Xo ,(0 1 ,e 2 )) for any S G (0,S ] and e £ (0, S 1+a }. Let S £ (0,S ] and 
e G (0, <5 1+Q ], since T is a homeomorphism of Ba(Cs) onto T(Ba(Cs)) by (O, Theorem 26.4) we obtain 

d M n (i - A s , r(c,)) = d Rn (i ~ r-M £ r, c 5 ). 

Let C G Cs ■ Taking into account ( 12.28b and ( 12.29b we have 

C - (r-%r)(0 = C - (r-M £ ) ( Y ^ n + 9) P n -iC + MC + '< 



\y 



M T 



C T- 1 (V (2) (T - e/(C"), x (C + 9)) ^wt? Pn - lC + X ° iC + ° ~ £fiC)) ) 



e AT (CI Rn -0 ■ 



and so 



, - \ c _ £f{c) 



d M n (/ - r-M £ r, C 5 ) = d K „ ((/ - e AT ) x ef, C s ) 



where (/ — e AT ) x ef = (/ — e AT , e/) . By the property of the Brouwer topological degree for the product of 
vector fields, see e.g. ([8 |, Theorem 7.4) we have 

dR „ ((/ _ e AT) x £/j Cs) = dRn (/ _ e AT j Ba(Q)) . dR f £fi (J-^l, -^-)) , 

where d-gn (/ — e AT , Bs(0)) = (— l)^ ) by ([8|, Theorem 6.1), and by a direct computation we have that 

ef, (-^,^)) = -<M/*o,(*i,fc)). 
Thus, we finally have that 

cMI-r-^LT,^) = -(~lY j{xo) d R (f Xo ,(9 1 ,9 2 )). 

In conclusion, we have proved that there exists 5q > such that for any 5 G (0, So] and any e G (0, S 1+a ] the 
Leray-Schauder topological degree d(I — Q e , Wr(c s )) is defined and it can be calculated by the formula 

d(I - Q e , W T(Cs) ) = - (-lf^d M (f xoi (0i,9 2 )) . 

To conclude the proof we have only to show that V$ := F(C$) satisfies properties 1) and 2). To this end, let 
£ G T(C$), thus 

Y(C n + 9) 

II y Mr 
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for some C £ E" satisfying ||P„-iC|| < 5 and [T^)] " + 9 £ [61,62]. Therefore 

| f - ao ([r- 1 (0] n +^) 

and so property 1) holds. By the definition of the set Cs we have that for any S £ (Q,<Jrj) both the points 

( 0, 0, — J and f 0, 0, — - — J belong to the boundary of Cs- Therefore, both the points xq(6i) 

and xo(02) belong to the boundary of T(Cs). On the other hand if £ = xo(9), where 9 £ (61, 6*2), then 

r- 1 (C) = (0,..., 0,0-0) cCj. (2.36) 

Thus £ £ r(C,5) and property 2) is also satisfied. The proof of Theorem l2.1l is now complete. □ 

Recall that 

G w (x) = {9 £ (0, T) : Sg x £ dW, S e x £ W for any (9 £ (0, O )} , where a; £ &w, 
(Sgx)(t) = x(t + 6) and 

(3(xq) is the sum of the multiplicities of the characteristic multipliers greater than 1 of (|1.10|) . 
We can prove the following result. 

Theorem 2.4 Assume that &\y is finite and it contains only nondegenerate T -periodic cycles of \1.8h Assume 
that f x (0) ^ for any x £ &w- Then for every e > sufficiently small the topological degree d(I — Q e , W) is 
defined and the following formula holds 

d(I-Q e ,W) = (-l) n d Mn (ip,Wnm. n )- Y, (-l) m d M (f x ,(0,mm{e w (x)})), (2.37) 

x£S w : w (x)=Hi 

Proof. For any x £ &w satisfying Qyy(x) ® l et $o(x) and {Vs(x)}s£(o,s (x)) as given by Theorem l2.ll 
where x := x, 6 X := and 9 2 := mm{@ w (x)}. Let 5 X = min xeSw: e w (x)#0 S (x) > 0. Since / x (0) ^ for 
any x £ &w then by Malkin's theorem, see lfT3l or ( iTPSl . Theorem p. 387), there exists <5* £ (0, Si) and e* > 
such that 

Q e x ^ x for any x £ Bs, (x) whenever x £ &w and e £ (0, £*). (2.38) 
By the definition of &w from ( |2.38t we have that 

Q e x ^ x for any x £ Bs, (x) U Bs, (S m i n {Q w ( x )yx) whenever x £ &w an d £ £ (0, £*) (2.39) 
Let <5** £ (0, (5*) be sufficiently small in such a way that 

(B s , (x) U B s , {S min {e w (x)}x) U W Vs „ (x)) \W C B s , (x) U (S^^^x) 
for any i e 6^, therefore by taking into account ( 12.391 ) we have 

Q £ x ^ x for any x £ (B s , (x) U £5, (S min{eiv{x ) } x) U WV 5 „ (x)) \W, 

whenever x £ 6iv and e £ (0, £*). Therefore by applying the coincidence degree formula given by Theorem 
12. ll for any x £ &w such that ®w(x) ^ and any e £ (0, min{<5 1+Q , e*}J we have 

d (I - Q e , (B s , (x) U B s , (S min{0w (x) } x) U WV 4 „ (*)) n W) 

= d(l-Q e , B 5 , (x) U B s , (S min{ew(x)} x) U W VUm {x) ) (2.40) 
= d(J - Q e ,W VstAx) ) = - (-lf^d R (f x , (0,mm{Q w (x)})) . 



Y(C + 9) 



Y 



Pn-lC 



< HPn-lCll < S 
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Let 

&w — i x e ®W : there exists S > such that Sg(x) dW for any S G (—So, 0) U (0, So)} . 

From d2.38t we have that 

d (I - Q s , B s „ (x) n W) = for any a; G 6^ and any e 6 (0,e»). (2.41) 

Since any point x G &w 1S a limit cycle of (|TT8j and, by assumption, they are in a finite number we may assume 
without loss of generality that S* > is sufficiently small to have that 

Qo(x) j£x for any x€ C([0,T],R n ) such that x(0) G B St (x([0,T}))\x([0,T}). (2.42) 

Therefore we have that the boundary of the set W\Eg r where 

Es, ■= I IJ (Bs» (x) U Bs, (S@ wix) x) U WV S „ (.)) n W J |J ( |J B 6 ,(x)nW 

does not contain T-periodic solutions of ( 11.8b . This fact allows us to apply Corollary 1 of 01 to obtain 

d(I - Qo,W\E s J = (-l)"4»(^£i,nr). (2.43) 

But from ( 12.421 ) the function ip is nondegenerate on the set E$, f) R" and from ( 12.431 we have that 

d(I - Q , W\E S ,) = (-l) n d R »(V», W n E"). (2.44) 

From ( 12.401 ). ( 12.411 ) and ( 12.441 ) the conclusion of the theorem easily follows. □ 

Remark 2.5 From l2.37l ) it follows that the points of & w such that Sex &w for all 6 G (0, T) do not affect 
the value of d(I — Q £ , W) with e > sufficiently small. 

Let X = {x G C([0,T],R") : x(0) = sc(T)} and let L : domL c X L 1 ([0,T],R n ) be the linear 
operator defined by (Lx)(-) — x(-) with domL = {x G X : a;(-) is absolutely continuous}. It is immediate to 
see that L is a Fredholm operator of index zero. Let N e : X — > L 1 ([0, T], R") be the Nemitcky operator given 
by (N £ x)(-) = ip(x(-)) + £<p(-, x(-), e). Thus the existence of T-periodic solutions for system (11.11 ) is equivalent 
to the solvability of the equation 

Lx = N £ x, x G domL. (2.45) 

We now provide for the coincidence degree Dl(L — N e , W (~l X) of L and N e , see ( lfl6l . p. 19), a formula 
similar to that established in Theoreml2.ll 



Corollary 2.6 Assume all the conditions of Theorem \2.4\ Then for e > sufficiently small the coincidence 
degree Dl (L — N e , W H X) is defined and the following formula holds 

D L (L-N s ,WnX) = (-l) n d 1l n(iP,WnR n ) 

(-lf (x) dM(f x ,(0,min{Q w (x)})). ( 2 - 46 ) 

xee w - <s>w(x)=t% 

Proof. Since d(I — Q e , W) is defined for e > sufficiently small then D L (L — N e , W C\X) is also defined 
for e > sufficiently small, see ( fl6l . Chap. 2 §2). To prove ( 12.461 ) we apply the duality principles developed in 
( Ifl6l . Chap. 3). First, observe that the zeros of the operator R £ : C([0,T],R") -> C([0,T],R") defined by 

T 

(R e x)(t) = x(t) - x{0) - [ (if>(x(T))+e4>(T,x(r),e))dT- 





t T 

(4>(x(t)) +s(f>(T,x(T),e))dT + t J (ip(x(T))+ecj)(T,x(T),s))dT 
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coincide with the fixed points of the operator Q El hence d(R £ , W) is also defined for e > sufficiently small. 
Therefore by ( fl6l . Theorem III. 1 with a — 1 and 6 = 0) and ([ 16], Theorem III. 4) we have that 

d(R E ,W) = d(I-Q E ,W). 

Furthermore, by using the methods employed in ( lfl6l . Chap. Ill, §4) for defining Dl{L — N E , W n X) and by 
([ 16 1, Theorem III. 7) we obtain that 

D L (L - N E ,W nl) = d(R E ,W), 

which concludes the proof. □ 

Remark 2.7 If W = Wjj for a suitable open set U C W 1 then it is possible to rewrite ( 12.371 ) and ( |2.46t in a 
different way by representing the sets &w as follows 

££dU:x(Q,£)=x(T,£) 

and 

&w{x) = {0 € (0,T) : x(6 ) G dU, x{9) e U for any 6 e (0,6> )}. 

Moreover, if 

any Cauchy problem associated to (|l.ip has an unique solution defined in [0, T] , (2.47) 
then we can introduce the Poincare-Andronov operator il e : W l — » R™ in the following way 

n e (0=a; e (T,0, 

where x e (-, ^) is the solution of dl.lt satisfying .x £ (0, ^) = ^. In this case we can provide an analogous result to 
( |2.37t for the Brouwer topological degree of / — fi e on U. 

Indeed, we can prove the following result. 

Corollary 2.8 Assume that condition A2.47\l is satisfied. Let 

Assume that & u is finite and any T-periodic solution x$ £ 6 U is a nondegenerate limit cycle of l\1.8h If 

f x {0)^0 foranyxe6 t ' 

then for all e > sufficiently small the topological degree di» (/ — Q £ , U) is defined and it can be evaluated by 
the formula 

d Rn (I-n e ,U) = (-l) n d Rn (^,U)- Y (-l)^d R (f x ,(0,mm{e u (x)})) , (2.48) 

where, for any x £ & u , Q u (x) = {6» £ (0, T) : x(9 ) £ dU, x(6) £ U for a ny 6 £ (0, O )} and (3{x) is the 
sum of the multiplicities of the characteristic multipliers greater than 1 of ( 17.701 ) with xq := x. 

Proof. From Theorem l2.4l taking into account Remark \2J\ we have that there exists £o > such that for 
every e £ (0, £o] tne degree d(I — Q E , Wu) is defined and 

d(i-Q E ,Wu) =(-i) n d U n(ip,Wu nm. n ) 

E (-lf (x) du(f x ,(0,mm{e u (x)})). (2-49) 

x£G u : u (x)^dl 
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Therefore, to prove the corollary we show that 

d(I-Q e ,Wu)=d K n(I-n e ,U) for any e G (0, e ] (2.50) 

and 

d R »(^,WVnR B )=dR»(^,I7). (2-51) 
To prove j230l let us define W£ C C([Q, T] , R") as 

Wfj = {x G C([0,T],R") : x" 1 ^,^*)) G 17, for any t G [Q,T]} . 
We claim that there exists eq G (0, £o] such that 

Q £ x ± x for any x G (Wtr\W^) U (W£\W(/) and any e G (0, £ ]. (2.52) 

Assume the contrary, thus there exist sequences {£fe}fe S N C (0,£rj],£fc — * Oas/c — > oo, {xfcjfcgN C C([0, T], R ra ), 
such that 

;rr fe G U W\Wt,) , (2.53) 

and 

Xk — * ^o a s fc — * oo where Q ek Xk = Xk- (2.54) 

It is easy to see that ( 12.531 1 implies xq G cWy . This fact together with ( 12.541 ) and the assumption that f Xa (0) ^ 
leads to a contradiction with the Malkin's result d 1 - 1 3b -( fTTT4b . Therefore, we have proved that ( 12.52b holds and 
thus 

d(I - Q e , Wu) = d(I - Q e , W v ) for any e G (0, e ]. 

Since for any e > the sets U and W v have a common core with respect to the T-periodic problem for system 
CCD, see (GO, §28.5), then, by (©, Theorem 28.5), we have 

d(I~Q Sl W[ r ) = d R ,(I-n E ,U) foranye>0 

and so ( 12.50b is proved. Finally, the proof of (12.51b is obtained by means of the Leray-Schauder continuation 
principle. In fact, let 

U x = {i G R n : aj _1 (At,0 G U for any t G [0,T]} , A G [0,1], 

we now show that 

£ Tp{dU x ) for any A G [0, 1]. (2.55) 

Assume the contrary, thus there exists Ao G [0, 1] such that £o G dU\ a and ?A(£o) = 0. Observe, that x~ 1 (Xot, £o) G 
U for any t G [0, T]. Therefore, we have that there exists to G [0, T] such that x~ 1 (\oto,£o) G dU and 
from the fact that ip(£o) = we have that x^ 1 (Xot, £o) is constant with respect to t G [0, T]. Hence we have 
(Arjfo, Co) = a: 1 (0, £o) = Co and we obtain that £o G dU contradicting the fact that dU contains only initial 
conditions of nondegenerate limit cycles of ( 11.81 ). By using the Leray-Schauder continuation principle [ 1 1 (see 
also Q, Theorem 10.7) from ( 12.55b we now conclude that 

<2r«(^,?7o) = d K n(i),Ui). 

On the other hand Uq = U and U-y = Wu D R" and so the proof of ( 12.511 ) is also complete. □ 

Remark 2.9 From ( 12.48b it follows that if the limit cycle x E & u touches dU but it does not intersect dU 
then this cycle does not have any influence in the evaluation of d^n (7 — fi e , Wjj) with e > sufficiently small. 
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3 Existence of T-periodic solutions 

By means of different choices of the set W C C([0, T] , R") we formulate in what follows some existence results 
for T-periodic solutions to ( 11.11 ) in W. 

Theorem 3.1 Assume that all the nonconstant T-periodic solutions of ( |i.<S| ) are nondegenerate limit cycles 
of M.8j . Then for any open bounded set W C C([0, T],R") containing all the constant solutions of ( |7.<SP and 
satisfying the conditions 

&W is finite, f x (0) / for any x G &\y 

and 

(-i)»4,(iiyni")- (-i) /3(x) d R (/„(o,min{ew(x)}))^o 

there exists £o > such that for any e G (0, £n] system f li.il ) has a T-periodic solution belonging to W. 

The assumptions of Theorem l3. 1 l implies that the set & w contains only nondegenerate cycles of ( 11.8b . There- 
fore, Theorem l3 . 1 I follows from Theorem l2.4l and the solution property of the Leray-Schauder topological degree, 
see (1B|, Theorem 20.5). Observe that Theorem |3.1| is an extension of ([3 1, Corollary 4). 

The next result provides conditions under which the conclusion of (Q, Theorem 2) remains valid also in the 
case when dW contains T-periodic solutions to (11.8b . 

Corollary 3.2 Assume that all the nonconstant T-periodic solutions of ftl.8t are nondegenerate limit cycles 
of M.8h Assume that there exists an open bounded set W C C([0,T],R") containing all the constant solutions 
of {[1.8j and satisfying the conditions 

&w is finite, f x (0) ■ fx(^n^{G>w(x)}) > for any x G &w with Qyy(x) ^ (3.1) 

and 

Then for any e > sufficiently small system ( li.iD has a T-periodic solution belonging to W. 
The proof of the Corollary 13 . 2l follows directly from the fact that (13. It implies that 

d,R (f x , (0, min{Ow(a;)})) = for any x G &w with @w(x) ^ 
(see [8|, §3.2). 

In what follows we give some applications of Theorem 12.11 to the problem of the existence of T-periodic 
solutions to dl.lt near a nondegenerate limit cycle of (11. 8t . In the sequel p(£, A) denotes the distance between 
£ G 1" and A C K" given by p(£, A) — inf^^ 1|£ — C|| • First, we state the following result. 

Theorem 3.3 Let xq be a nondegenerate T-periodic limit cycle of A1.8t . Let < 9\ < 62 < #1 + — w/jere 
peN and ^ ;s f/ze least period of xq. Assume that 

fM-hM) <0. (3.2) 

Lef fee ?/ie sef q/aW zeros of f Xo on (61,02). Then, for any e > sufficiently small, system ( li.il ) /ias a T-periodic 
solution x e such that for any t € [0, T] we /lave 

/9(x £ (t),a;o(t + 6)) -> ase^O. (3.3) 

Proof. Observe, that condition ( 13.21 ) implies that 

UM^O and f Xo (6 2 )^0 
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and so the assumptions of Theorem l2. 1 1 are satisfied. Let us fix a > 0, from Theorem l2.1l we have that there exists 

8 > such that for any e G (0, <$o +Q ) the topological degree d(I - Q E , Wv s(e) ) is defined with 6(e) = 

and 

d(I - Q E , W Vs(e) ) = - (-lf {xo) d K (f Xo , (61,62)). 

From d3T2l > we also have, see (]8|, §3.2), that \d R (f Xo , (9i,6 2 ))\ = 1 and so for any e G (0, S^ +a ) system ( fTTTb 
has a T-periodic solution x E such that x e (Q) G V$t E y Moreover, from property 1) of Theorem |2. 11 we have that 

p(x E (0),x ({6 1 ,6 2 })) <(5(e) = £ 1/(1+Q) - (3.4) 
Let u £ (t) = ar -1 (t, x £ (t)), then, see e.g. ([5|, (13)-(19)), 

u E (t) = e (x[ 2) (t,u E (t))j (f)(t,x{t,u £ {t),e)). 

Therefore there exists M\ > such that 

K(0) - u e (i)|| < M x e for any e G (0, S^ +a ) and any t G [0, T]. (3.5) 

On the other hand, u s (0) = x E (0) and so from d3~4l > and (|33I > for any e G (0, c^ +Q ) and any t G [0, T] we have 
that 

p(u e (t),x ([6 1) 6 2 })) < \\u s (t)-x E (0)\\+p(x s (0),x ([6 u 6 2 ]))<e 1 ^ 1+ ^ (l + M l£ a / (1+a ^ . (3.6) 

Since for any 9 G [6*1,6*2] we have that ||a; e (t) — Xo(t + 6)\\ = \\x(t, u E (t)) — x(t, xq(6)) | and since, as it was 
already observed, in the proof of Theorem 12. II the function x(-, •) is continuously differentiable with respect to 
both variables we have that there exists M 2 > such that 

\\x E (t)-x (t + 6)\\ < M 2 \\u E (t) - x (6)\\ for any £G (0,^ +Q ), t G [Q,T], 9 E [9\. 6 2 \. (3.7) 

Substituting ( 13.61 ) into ( 13.71 ) we obtain that 

p(x E (t),x (t+[9 1 ,9 2 })) <e 1 /( 1+Q )M 2 (l + M ie Q /( 1+Q )) for any EG (0,^ +a ), i G [0,T]. (3.8) 

Assume now that ( 13.3b is not true, thus there exist 5* > and sequences {efejfeeN C (0, <5q + "), Sk — » as 
fc — » 00, and {ifejfeeN C [0, T] such that 

a? B »(*fc) (xo (**+©)) for any fc G N. (3.9) 

Without loss of generality we may assume that {xfcl/cgN and {ifc}fc<=N are converging. From d3.8t we have that 
there exists 9* G [6*i , 9 2 ] such that 

Xk(t) — * xo(t + 9*) as fc — > 00 (3.10) 

uniformly with respect to i G [0, T]. By using [13] or ([12], Theorem p. 387) we can conclude from ( 13.101 ) 
that f Xo {6*) = 0. On the other hand, from ( 13.91 we have that £o(£o + ^*) ^ ^./aC^oC^O + ©))j where to = 
limfe^oo tk, and thus Xo(0*) ^ Bg^/ 2 (xo(&))- This contradiction proves ( 13.3b and thus the proof is complete. □ 

A topological degree approach to prove the existence of periodic solutions to some classes of autonomous per- 
turbed systems can be found in H] and 0- 

Remark 3.4 From the proof of Theorem [33] we see that Theorem 12. II also provides information about the 
rate of the convergence of T-periodic solutions of d 1 - 1 b to a limit cycle of ( 11.81 ). In fact, from ( 13.81 ) we have that 
the distance between the graph of the T-periodic solution x E and the limit cycle x$ is of order e 1 /( 1+Q ) ; where 
a > is any positive constant. 
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We are now in a position to establish some new existence results of T-periodic solutions to (II . lb . First, by 
using Theorem [33] we state in Corollary 13.51 a generalization of the following Malkin's theorem, see ([13| and 
(| 12 1, Theorems pp. 387 and 392), (the same result with a more rigorous proof is also given in ( ifTTI . Theorem 1)). 
In fact, in Corollary 13.51 the Malkin's regularity assumptions are weakened to conditions i ll .21 and moreover 
(/ :EO )'(c?o)canbeO. 

Malkin's theorem Let ip G C 3 , (f> G C 2 . Let x$ be a nondegenerate T-periodic limit cycle of ( 17.<SD . Assume 
that there exists 9q G [0, T] such that f Xo (9q) = and 

(fx o )'(0o)^0. (3.11) 

Then for all e > sufficiently small system ( 17.71 ) possesses a T-periodic solution x e satisfying 

x e (t) -> x {t + 6 ) ase->0, te[0,T]. (3.12) 



Corollary 3.5 Assume that ip and <p satisfy conditions ( I7.2D . Let xq be a nondegenerate T-periodic limit cycle 
of USh Assume that there exists 9$ G [0, T] such that 

fx (9o) — and f Xo is strictly monotone at 9q. (3.13) 

Then for all e > sufficiently small system ( 17.71 ) possesses a T-periodic solution x e satisfying ( I3.72I ). 

The proof of Corollarv l3.5l is a direct consequence of Theorem l3.3l with 6\ < 6q < $2 sufficiently close to 9q. 
We would like to observe that, under the regularity assumptions of the Malkin's theorem, the asymptotic stability 
of the resulting T-periodic solutions can be also established by means of the derivatives of the involved functions. 
Clearly, under the weaker regularity assumptions ( 11.21 ) this approach is impossible. On the other hand as shown 
in ifTTll some stability properties of the T-periodic solutions to ( 11.11 ) can be derived from the value of the degree 
d(I — Q e , WV a (e))i where Vs(e) are the sets employed in the proof of Theorem l3.3l 

The case when ( 13.111 ) is not satisfied was treated by Loud in IfTTI . we show here that, by using Theorem l3.3l 
the conditions of a related Loud's existence result can be considerably simplified. Also for this case we do not 
provide here any result about the stability of the resulting periodic solutions as it has been done in IfTTI . In order 
to formulate the Loud's existence result we introduce some preliminary notations. First of all we need to translate 
and rotate the axes in such a way that xo(0) — and xq(Q) = ([xo(O)] 1 , 0, 0) . Let x(-, £, e) be the solution of 
d 1 - X b satisfying x(0, £, e) — £. Let T(£, e) = x(T, £, e) — since the limit cycle xo is nondegenerate then n — 1 
equations of the system T(£, e) = can be solved near with respect to some £ fc , where k £ {1, 2, n] and as 
a result we obtain a scalar equation H (u, e) — 0. Let D XQ be the discriminant of the equation 

We can now formulate the Loud's existence result, ( IfTTI . Theorem 2). 

Loud's theorem. Let ip € C 3 , 4> £ C 2 . Let x$ be a nondegenerate T-periodic limit cycle of M.8 h Assume 
that for some 9q G [0, T] satisfying f Xo {9o) = we have (f Xo )'(@o) — 0- Finally, assume that 

D Xo >0 and (/ XO )"(0 O ) = 0. (3-14) 
Then, for all e > sufficiently small, system ( 17.71 ) has a T-periodic solution x £ satisfying ( 15.721 ). 

In the case when f Xo (•) is identically zero Loud in [ 1 1 ] has derived from the above theorem an important result 
on the existence of T-periodic solutions to d X - X b near xq. But even in the case when (f Xo )'"{9o) ^ to verify 
( 13.14| i is not a feasible problem (here it is assumed <f> G C 3 ). This is the reason why it is of interest to state the 
following result which is a particular case of Corollary |3.5l 

Corollary 3.6 Let ip G C 1 , 4> S C 3 ■ T^ef 2:0 be a nondegenerate T-periodic limit cycle of ( I7.<SP . Assume that 
for some 9q G [0, T] we have 

u Wo) = fL Wo) = r: (0o) = o, c Wo) + 0. 

Then for all e > sufficiently small system ( 17.71 ) has a T-periodic solution x e satisfying ( 13.721 ). 
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